Abstract. We discuss the dynamics beyond topological hyperbolicity considering homeomorphisms satisfying the shadowing property and generalizations of expansivity. It is proved that transitive countably expansive homeomorphisms satisfying the shadowing property are expansive in the set of transitive points. This is in contrast with pseudo-Anosov diffeomorphisms of the twodimensional sphere that are transitive, cw-expansive, satisfy the shadowing property but the dynamical ball in each transitive point contains a Cantor subset. We exhibit examples of countably expansive homeomorphisms that are not finite expansive, satisfy the shadowing property and admits an infinite number of chain-recurrent classes. We further explore the relation between countable and entropy expansivity and prove that for surface homeomorphisms f : S → S satisfying the shadowing property and Ω(f ) = S, both countably expansive and entropy cw-expansive are equivalent to being topologically conjugate to an Anosov diffeomorphism.
Introduction and Statement of Results
The study of dynamical systems beyond the hyperbolic ones is today a very active and productive topic in the theory of differentiable dynamical systems (see [8] for a description of the main features and results of the theory). A classical way to understand dynamics is through the viewpoint of topological dynamics, and a topological notion of hyperbolicity is widely accepted in the literaure: expansive homeomorphisms satisfying the shadowing propery (see Aoki and Hiraide monograph [2] ). Thus, it is natural to consider generalizations of topological hyperbolicity and explore the world beyond topological hyperbolicity (see [6] ). In this paper, we study the dynamics of systems beyond the topologically hyperbolic ones considering homeomorphisms satisfying the shadowing property and generalizations of expansivity, and these are many: n-expansivity [3, 7, 11, 12, 18, 20] , finite expansivity [11] , countable and measure expansivity [3, 5, 13] , cw-expansivity [16, 17] , entropy expansiveness [9, 21] , among others (see Section 2 for precise definitions).
The understanding of the structure of local stable and unstable sets is the main step to study the dynamics of each of these class of systems. In the hyperbolic systems, the Stable Manifold Theorem assures that local stable and unstable sets are manifolds, leaves of a pair of transverse foliations, that contracts and expands exponentially. In topologically hyperbolic systems local stable and unstable sets can be modeled with Hiraide's generalized foliations (see [14] and [15] ). In both classes, one important fact is the existence of ε > 0 such that the ε-stable set of x is contained in the stable set of x and also the ε-unstable set of x is contained in the unstable set of x, that is, W s ε (x) ⊂ W s (x) and W u ε (x) ⊂ W u (x) for every x ∈ X (see [19] for a proof and Section 2 for definitions).
If we consider generalizations of topological hyperbolicity, local stable and unstable sets can be much more complicated. One example enlightening this situation is the Pseudo-Anosov diffeomorphisms of the sphere S 2 constructed as follows. Consider an Anosov diffeomorphism f A of the torus T 2 induced by a hyperbolic 2 × 2 matrix with integer coefficients and determinant one. The sphere S 2 can be seen as the quotient of T 2 by the antipodal map and then f A induces a diffeomorphism g A : S 2 → S 2 . The map g A constructed this way has many interesting dynamical properties that are not clear at a first glance. It is transitive, cw-expansive, satisfies the shadowing property but is not countably expansive. Indeed, it contains arbitrarily small dynamical balls containing hyperbolic horseshoes (see [1, 4, 21, 23] for more details). Also, the local stable set of each forward transitive point contains a stable continuum and also a cantor subset contained in the unstable continuum (an in particular in the dynamical ball) as explained in the proof of Proposition 2.2.2 of [4] .
A second class of examples with a wild behaviour on local stable and unstable sets are the n-expansive (and finite expansive) homeomorphisms with the shadowing property in [11] . These examples are constructed as the union of a topologically hyperbolic homeomorphism and a sequence of periodic orbits such that for each ε > 0 there exists n different periodic points with the same period in a common ε-stable set. Hence, there are exactly n diffenrent stable sets intersecting the same local stable set (the same holds for the ε-unstable set). These phenomena allow the existence of infinitely many distinct chain recurrent classes, in contrast with the topologically hyperbolic case. Inspired in these examples we construct examples of countably expansive homeomorphisms with the shadowing property containing a countable number of different stable sets in the same local stable set and an infinite number of chain recurrent classes (see Example 2.8 in the end of the paper).
For countably expansive homeomorphisms, the first phenomenon of the pseudoAnosov of the sphere (explained above) is excluded by definition and the second one appears in systems with an infinite number of chain recurrent classes. Then assuming countable expansivity, transitivity and the shadowing property, we prove expansiveness in the set of transitive points. First, we let T + denote the set of forward transitive points, T − denote the set of backward transitive points, T = T + ∩ T − the set of transitive points and
denote the dynamical ball of x with radius ε.
Theorem A. If a homeomorphism f : X → X of a compact metric space is transitive, countably expansive and satisfies the shadowing property, then there exists ε > 0 such that:
for every x ∈ T − and (3) Γ ε (x) = {x} for every x ∈ T .
In the case X = S is a compact surface we prove these systems must be topologically conjugate to Anosov diffeomorphisms.
Theorem B. For a homeomorphism of a compact surface f : S → S satisfying the shadowing property and Ω(f ) = S, the following are equivalent:
(1) f is conjugate to an Anosov diffeomorphism, (2) f is countably expansive, (3) f is entropy cw-expansive.
In [7] there are examples of 2-expansive homeomorphisms on the bitorus that are not expansive. We note that they are not transitive and do not satisfy the shadowing property. There, it is also proved that 2-expansive surface homeomorphisms without wandering points are indeed expansive. Thus, Theorem B can also be viewed as a generalization of this result to the more general cases of countably and entropy cw-expansivity, when the shadowing property is present. We also remark that the identity in a cantor set is entropy cw-expansive, satisfies the shadowing property and Ω(f ) = X but is not countably expansive. Hence, (2) and (3) are not equivalent for every metric space. The following is unanswered, tough. Question 1. Is every countably expansive homeomorphism also entropy expansive?
Definitions and Proofs
Let us recall the main definitions we use in this paper. The dynamical ball of x ∈ X of radius c > 0 is the set
We consider the c-stable set of x ∈ X as the set
and the c-unstable set of x as the set
The dynamical ball can be written as
. We say that f is expansive if there exists c > 0 such that
We say that f is n-expansive, finite expansive, countably expansive or cw-expansive if there exists c > 0 such that #Γ c (x) ≤ n, Γ c (x) is finite, Γ c (x) is countable, Γ c (x) is totally disconected, respectively, for every x ∈ X. It is clear that expansivity implies n-expansivity, that implies finite expansivity, that implies countable expansivity, which, in turn, implies cw-expansivity. Now we define entropy expansivity. Given n ∈ N and δ > 0, we say that
We say that f is entropy expansive (or h-expansive) if there is c > 0 such that h(Γ c (x), δ) = 0 for all x ∈ X and all δ > 0. Note that h(F, δ) increases as δ → 0 and define h(F ) = lim δ→0 h(F, δ). Entropy expansivity was introduced by Bowen in [9] and further explored by several authors (see [10] for example).
Now we define the shadowing property. We say that a sequence (
We say that f has the shadowing property if for every ε > 0 there exists δ > 0 such that every δ-pseudo-orbit is ε-shadowed.
The following is Lemma 3.1 of [6] and is important for the proof of Theorem A. It was used in [6] as a mechanism to construct arbitrarily small topological semihorseshoes (a phenomenon similar to the one contained in the pseudo-Anosov diffeomorphism of the sphere explained in the introduction) for homeomorphisms with the L-shadowing property (a generalization of the shadowing property introduced in [12] and explored in [6] ). As usual, Ω(f ) denotes the set of non-wandeing points.
Lemma 2.1.
[6] Let f : X → X be a homeomorphism satisfying the shadowing property. For all ε > 0 there is δ > 0 such that if x ∈ Ω(f ), y ∈ X, n > 0 satisfy:
The idea of the proof of Lemma 2.1 is the following: if two-points x, y ∈ X are δ-close, one of them is a non-wandering point, some future iterates f k (x), f k (y) are ε-distant and thereafter iterates f n (x), f n (y) become δ-close again (see Figure 1 in [6] ), then the shadowing property creates uncontable sets with positive entropy in a same dynamical ball of radius γ. This was used by the authors to characterize the non-expansive chain-recurrent classes of a homeomorphism satisfying the Lshadowing property. In the following lemma, which is the main step in the proof of Theorem A, we use Lemma 2.1 to obtain a sufficient condition that assures the inclusion W s α (x) ⊂ W s (x). In the next result, ω(x) denotes the ω-limit set of x.
Lemma 2.2. Let f : X → X be a countably (or entropy) expansive homeomorphism satisfying the shadowing property. If x ∈ Ω(f ), z ∈ ω(x) and Γ α (z) = {z} for some
Proof. If the thesis is not true, then there exists y ∈ W s α (x) such that y / ∈ W s (x). Lemma 2.1 assures the existence of r > 0 such that
Indeed, if this is not the case, then there exists an increasing sequence of positive integers (n k ) k∈N such that
Since y / ∈ W s (x), there is ε > 0 and another increasing sequence of positive integers
Let δ > 0 be given by Lemma 2.2 for this ε and choose k ∈ N such that
Since x ∈ Ω(f ), Lemma 2.1 applies and contradicts countably (and entropy) expansivity. This proves the existence of r > 0 satisfying (2) . Since z ∈ ω(x) there
Since X is compact, we can assume that (f i k (y)) k∈N converges to a point z y . Con-
From (2) we obtain that z y = z. Note that z y ∈ Γ α (z) since
The next proposition is also important in the proof of Theorem A. The previous lemma assures that, in our scenario, the existence of a trivial dynamical ball in a point in the omega limit set of x is sufficient to assure the inclusion of the local stable set of x in the stable set of x. Then it is natural to consider the set of points with trivial dynamical ball of a suitable radius. Such points will be called expansive points and we denote the set of all expansive points by X e = {x ∈ X; Γ ε (x) = {x} for some ε > 0}.
If f is finite expansive, then it is clear that every point is expansive and X e = X. When f is countable expansive the following is proved. Proposition 2.3. If f is countably expansive, then X e is dense in X.
Proof. Let c > 0 be such that Γ c (x) is countable for all x ∈ X. Arguing by contradiction, let x ∈ X and 0 < δ < c be such that Γ ε (y) = {y} for all y ∈ B δ (x) and all ε > 0. This implies, in particular, that y is an accumulation point of Γ ε (y). Define A 1 = Γ δ/2 (x) and A n = ∪ y∈An−1 Γ δ/2 n (y) for all n > 1. Notice that
and that each y ∈ A n is an accumulation point in A n+1 . Consequently, the set clos(∪ n≥1 A n ) ⊂ Γ δ (x) is perfect. As it is compact, it is uncountable, which contradicts the countable expansivity of f and the proof ends. Question 2. Assuming that f is countably expansive, is X e residual in X? Proposition 2.3 is the unique step in the proof of Theorem A that we do not know how to prove only assuming entropy cw-expansivity. We say that a homeomorphism is entropy cw-expansive if it is h-expansive and cw-expansive.
Question 3.
Is X e non-empty for transitive entropy cw-expansive homeomorphisms satisfying the shadowing property? If this is true, then the hypothesis of countable expansivity in Theorem A could be replaced by entropy cw-expansivity.
Remark 2.4. Note that the identity in a cantor set is entropy cw-expansive, has the shadowing property and Ω(f ) = X, but X e = ∅. The identity is not transitive, tough. Thus, transitivity should play an important role in an affirmative answer.
Define the set V 
. Proof of Theorem A. Let f : X → X be a transitive, countably expansive homeomorphism satisfying the shadowing property. Proposition 2.3 assures the existence of expansive points of f , that is, there are z ∈ X and ε > 0 such that Γ ε (z) = {z}. Given that f is transitive, z belongs to the ω-limit set of every x ∈ T + . Then Lemma 2.2 applies and we conclude that
A similar argument proves that
Therefore, we have
Then we obtain the exact situation where Lemma 2.1 applies to contradict countable expansivity.
Now we turn our attention to the proof of Theorem B where we prove that for a transitive homeomorphism of a compact surface satisfying the shadowing property, countable expansivity, entropy expansivity and being conjugate to an Anosov diffeomprhisms are equivalent. In the proof of this theorem, we explore the relation between countable expansivity and entropy expansivity. It is not clear whether countably expansive homeomorphisms are also entropy cw-expansive. We prove that this is true under the hypothesis of shadowing and Ω(f ) = X. Theorem 2.5. If f is countable expansive, Ω(f ) = X and f has the shadowing property, then f is entropy expansive.
Proof. Suppose that c > 0 is such that Γ c (x) is countable for all x ∈ X. We will prove that c/2 is an entropy expansivity constant of f . Arguing by contradiction, suppose that h(Γ c/2 (x), ε) > 0 for some x ∈ X and some ε > 0. For this value of ε consider δ > 0 given by Lemma 2.1. As X is compact, there is l 1 ∈ N such that every subset E ⊂ X with l 1 points contains at least two different points at distance smaller than δ. Also, there is a larger l 2 ∈ N such that every subset E ⊂ X with l 2 points contains a subset E ′ with l 1 points and with diam(E ′ ) < δ. Since h(Γ c/2 (x), ε) > 0 we have that {s n (Γ c/2 (x), ε) : n ∈ N} is unbounded. Therefore, for some n ∈ N, there is an (n, ε)-separated subset E ⊂ Γ c/2 (x) with l 2 points. Thus, there is a subset E ′ ⊂ E with l 1 points and with diam(E ′ ) < δ. The set f n (E ′ ) contains l 1 points, and two different points of f n (E ′ ) are at a distance smaller than δ. That is, there are x, y ∈ Γ c/2 (x) such that d(x, y) < δ, d(f n (x), f n (y)) < δ and
Then, by Lemma 2.1, there is an uncountable set K with diam(f i (K)) ≤ c for all i ∈ Z. But this contradicts that c is a countable expansivity constant, and the proof ends. The examples of n-expansive homeomorphisms with the shadowing property in [11] are not expansive but are asymptotically expansive. Indeed, there are periodic points in arbitrarily small dynamical balls, but since distinct periodic points belong to distinct stable and unstable sets, they do not belong to the same asymptotic dynamical ball. Remark 2.6. We remark that for homeomorphisms satisfying the L-shadowing property, expansivity and asymptotic expansivity are equivalent as the argument of Lemma 3.3 in [6] shows.
The expansiveness on transitive points in Theorem A might not be extended to the whole space, but we can prove asymptotic expansiveness even in the more general scenario of entropy expansivity. Proposition 2.7. If a homeomorphism f : X → X of a compact metric space is entropy expansive, satisfies the shadowing property and Ω(f ) = X, then f is asymptotically expansive.
Proof. If f is not asymptotically expansive, then for every ε > 0 there exists x ∈ X and y ∈ V s ε (x) ∩ V u ε (x) \ {x}. As in the proof of Theorem A, Lemma 2.1 contradicts the entropy expansivity.
Before proving Theorem B we recall the definition of cwN-expansivity. We say that f is cw N -expansive if there is ε > 0 such that if C s and C u are ε-stable and ε-unstable continua, respectively, then C s ∩ C u contains at most N points. Expansive homeomorphisms are always cw1-expansive, while the pseudo-Anosov diffeomorphism described in the introduction is cw2-expansive. These properties were introduced in [4] where, in particular, the relation of cw1-expansivity and expansivity was discussed. It is proved in [4, Theorem 6.8.5 ] that cw1-expansive surface homeomorphisms are indeed expansive.
Proof of Theorem B. Every homeomorphism conjugate to an Anosov diffeomorphism is expansive, and in particular countably expansive. By Theorem 2.5, a countably expansive homeomorphism satisfying the shadowing property and Ω(f ) = S is entropy expansive (and every countably expansive homeomorphism is cwexpansive). To close the cycle, we have by Proposition 2.7 that entropy expansive homeomorphisms satisfying the shadowing property and Ω(f ) = S are asymptotically expansive. Note that asymptotically expansive homeomorphisms that are cw-expansive are also cw1-expansive, since the existence of ε-stable and unstable continua such that C s ∩ C u contains at least two points x, y and [16, Proposition 2.1] that assures local stable (unstable) continua are contained in the same stable (unstable) set, imply that y ∈ V s ε (x) ∩ V u ε (x) contradicting asymptotic expansivity. Then we conclude that f is expansive by [4] . It is known that an expansive homeomorphism with the shadowing property on compact surfaces are topologically conjugate to an Anosov diffeomorphism (see [14] ). This finishes the proof.
Example 2.8. We define a countably expansive homeomorphism in a compact metric space satisfying the shadowing property that is not finite expansive and contains infinitely many distinct chain recurrent classes. Consider an expansive homeomorphism g defined in a compact metric space (M, d 0 ) and satisfying the shadowing property. Suppose further that g admits a fixed point p 0 . Define X = M ∪ E, where E is any infinite enumerable set. In this case, let (p k ) k∈N be an enumeration of E. Define a function d :
One can prove that (X, d) is a compact metric space. We invite the reader to fill in the details, adapting the argument of [11] , Section 3. Now we define a function f : X → X by
Then f is a countable expansive homeomorphism. Indeed, the dynamical ball for g of any point of M is trivial, since g is expansive, and X is the union of M with a countable set E, which could just increase the dynamical ball of any point of M to a countable subset of X. Moreover, the points of E are fixed points of f that are close to the fixed point p 0 . Then no point of M \ {p 0 } could be in the dynamical ball of p k , since it would also be in the dynamical ball of p 0 , that is trivial in M . This proves that the dynamical ball of any point in E is contained in E ∪ {p 0 }, that is countable. We note that f is not finite expansive, since for each ε > 0, the set Γ ε (p 0 ) contains an infinite number of the fixed points p k ∈ E. Moreover, f has the shadowing property. Indeed, pseudo-orbits contained in M are shadowed because g has the shadowing property. If a pseudo-orbit contains points of E then we consider a pseudo orbit in M switching any point in E by p 0 . Shadowing orbits of this pseudo orbit also shadow the original pseudo orbit and the shadowing property is proved. Finally, it is easy to see that each p k ∈ E belongs to a different chain recurrent class, so that f admits an infinite number of chain recurrent classes. 
